Abstract: In this paper the author defines and discuses the concept of approximate sequences. First, in a separate section, he discusses proximate and approximate sequences. , which refers to approximate instead for fundamental sequences, he present and prove. Finally, the author shows that shape category constructed with the classes of approximate sequences, is equivalent with the intrinsic shape category constructed with the classes of proximate sequences.
Introduction
"A covering" refers to a covering consisting of open sets. Let X and Y be compact metric spaces. We repeat the intrinsic approaches to shape.
The following definitions and statements were given in [2] : Definition 1. Let V be a finite covering of Y . A function f : X → Y is V − continuous if for every point x ∈ X, there exists a neighborhood U x of x, and V ∈ V, such that f (U x ) ⊆ V . The relation of V − homotopy is an equivalence relation. Usually, the condition 2) of the previous condition is formulated as: 2 ′ ) there exists an neighborhood N of ∂I = {0, 1} such that F | X×N is V −continuous.
Definition 3. A cofinal sequence of finite coverings V 1 ≻ V 2 ≻ ... ≻ V n ≻ ... is a sequence of finite covering of spaces, such that for any covering V , there exists n, such that V n ≺ V.
In a compact metric space there exists such a sequence. This fact allows working with proximate sequences instead with proximate nets. Definition 4. The sequence (f n ) of functions f n : X → Y is a proximate sequence from X to Y , if there exists a cofinal sequence of finite coverings of Y, V 1 ≻ V 2 ≻ ... ≻ V n ≻ ... , and for all indexes m ≥ n , f n and f m are V n − homotopic.
In this case we say that (f n ) is a proximate sequence over (V n ). If (f n ) and (f ′ n ) are proximate sequences from X to Y , than there exists a cofinal sequence of finite coverings V 1 ≻ V 2 ≻ ... ≻ V n ≻ ... such that (f n ) and (f ′ n ) are proximate sequences over (V n ).
Definition 5. Two proximate sequences (f n ) and (f ′ n ) are homotopic if there exists a cofinal sequence of finite coverings
such that (f n ) and (f ′ n ) are V n − homotopic for all integers n. We say that (f n ) and (f ′ n ) are homotopic over (V n ).
Let (f n ) : X → Y be a proximate sequence over (V n ) and (g k ) : Y → Z be a proximate sequence over (W n ). For a covering W k of Z , there exists a covering V n k of Y such that g(V n k ) ≺ W k . Then, the composition is the proximate sequence (h k ) = (g k f n k ) : X → Z. In [2] is proven that compact metric spaces and homotopy classes of proximate sequences [(f n )] form the shape category i.e. isomorphic spaces in this category has the same shape.
Let X, Y and Z, are compact metric space, that lie in the Hilbert space Q ∈ AR.
The following definitions and statements were used in [3] :
Definition 6. Approximate sequence from X to Y is a sequence of mapsf n : X → Q, n ∈ N , such that for every neighborhood V of Y in Q , there exist a index n 0 , such that for every n ≥ n 0 ,f n is homotopic tof n+1 in V .
We denote approximate sequence with (
The relation of homotopy of approximate sequences is an equivalence relation.
Definition 8. Fundamental sequence from X to Y is a sequence of mapsf n : Q → Q, n = 1, 2, 3..., where for every neighborhood V of Y , there exist neighborhood U of X and there exist n 0 ∈ N , such thatf n | U is homotopic tof n+1 | U in V for all n ≥ n 0 .
Fundamental sequence is denoted with (f n ) Q,Q from X to Y .
The relation of homotopy of fundamental sequences is an equivalence relation.
For every approximate sequence (f n ) from X to Y , because Q is absolute retract, there exist fundamental sequence (f n ) Q,Q from X to Y , such that f n | X =f n .
For every approximate sequence (f n ) from X to Y and for every fundamental sequence (ḡ n ) Q,Q from Y to Z, mapsḡ nfn : X → Q, define approximate sequence (ḡ nfn ) from X to Z, which is called composition of the approximate sequences (ḡ n ) and (f n ). If approximate sequences (f n ) and (f ′ n ) from X to Y are homotopic, and fundamental sequences (ḡ n ) Q,Q and (ḡ ′ n ) Q,Q from Y to Z are homotopic, then the compositions (ḡ nfn ) and (ḡ ′ nf ′ n ) from X to Z are homotopic. Following the last claims, it can be concluded that for every approximate sequence class [(f n )] : X → Y and every fundamental class ⌊(ḡ n ) Q,Q ⌋ : Y → Z every compositions (ĝ nfn ) belong to same class, which is denoted with ⌊(ḡ n ) Q,Q ⌋[(f n )]. In this way, if we take the compact metric spaces to be objects, and the classes of approximate sequences to be morphisms, then we get a new category, which is called shape Sh.
Proximate and Approximate Sequences
All spaces in this section are compact metric spaces.
Definition 10. Covering V of Y is regular if it satisfies the following conditions: V in which V has n elements, we will divide into 2 n − 1 disjoint nonempty subsets the most, and in each one one element from Y , will be chosen. Disjoint subsets are of the type
..i k } of n elements, class k and all combinations {j 1 , j 2 , ...j k+1 } of n elements, class k + 1. Linking will be defined inductively as follows:
Because all sets of the type
are pairwise disjoint, it follows that r V is well defined. r V is also V − continuous. We can also define r V in the following way:
V is a map, we can define
The function f is well defined. Sincef is continuous, the function f is V −continuous. We will say that the function f is obtained from a continuous functionf and covering V.
So, f 1,2 (x, 0) = f 1 (x) and f 1,2 (x, 1) = f 2 (x) i.e. f 1,2 is connecting f 1 and
Theorem 12. In a compact metric space, there exists a cofinal sequence of finite regular coverings of the space.
Proof. In a compact metric space Y embedded in a Hilbert cube, there exists a cofinal sequence of finite coverings V 1 ≻ V 2 ≻ ... ≻ V n ≻ .... On each of the coverings V n , n ∈ N we add intersections of its elements. Then from every covering V n , n ∈ N , we reject the elements whose intersection with Y is an empty set. The cofinality is not violated because if one element has empty intersection with Y , then all sets V m from V m , m > n which are contained in some sets in V n , also have an empty intersection with Y . In that way we get a cofinal sequence of finite regular coverings of Y .
Theorem 13. For the approximate sequence (f n ) from X to Y , there exists a cofinal sequence of finite regular coverings
Proof. From Theorem 12 it follows that there exists a cofinal sequence of finite regular coverings of
For neighborhood V 1 of Y there exists number n 1 ∈ N such that for all n ≥ n 1 there exists a homotopyf n,n+1 : X × I → V 1 which is connectingf n andf n+1 . We are choosing
For neighborhood V 2 of Y there exists a number n 2 > n 1 , n 2 ∈ N such that for all n ≥ n 2 there exists a homotopyf n,n+1 : X × I → V 2 which is connecting f n andf n+1 . We are choosing
Continuing inductively we get that for neighborhood V k of Y there exists a number n k > n k−1 , n k ∈ N such that for all n ≥ n k there exists a homotopȳ f n,n+1 : X × I → V k which is connectingf n andf n+1 . We are choosing
. In that way we get a cofinal sequence of finite regular coverings V 1 ≻ V 2 ≻ .. ≻ n ≻ ... of Y with property images of mapsf n,n+1 : X → Q from approximate sequence (f n ) to be in
Similarly, for two approximate sequences (f n ) and (f ′ n ) from X to Y , there exists a cofinal equence of finite regular coverings Then r V | Z (the restriction of r V to Z) and r W are V-homotopic.
Proof. Let us consider the function
, where W is the smallest set in W that contains x. From W ≺ V, it follows that W ⊆ V ∈ V and we can choose V to be the smallest set in V, with the property W ⊆ V . Then r V (V ) ∈ V ∩ Y and
We consider the neighborhood W × [0, 1] of (x, 1) and (w, t) ∈ W × [0, 1). There is a smallest set V W in V such that w ∈ V W . So it follows that:
Finally from (1) and (2),
Theorem 15. Let (f n ) from X to Y be an approximate sequence over cofinal sequence of finite regular covering
V , n ∈ N be functions defined by f n = r Vnfn and let f n,n+1 : X × I → V ∈Vn V , n ∈ N be f n,n+1 = r Vnfn,n+1 . Then the sequence (f n ) is a proximate sequence from X to Y .
Proof. The existence of cofinal sequence of finite regular covering
V is provided by Theorem 12 and Theorem 13. The functions f n and f n,n+1 are V n -continuous by construction and
Taking into consideretion the fact that V n+1 ≺ V n from the theorem 14 it follows that r Vn | V ∈V n+1
V (the restriction of r Vn to V ∈Vn ) and r V n+1 are V n -homotopic, by a homotopy R :
So, the V n -homotopy Rf n+1 :
Since V n -homotopy is an equivalence relation by (3) and (4) it follows that f n (x) and f n+1 (x) are V n -homotopic. Therefore (f n ) is a proximate sequence over
Theorem 16. If two approximate sequences (f n ) and (f ′ n ) from X to Y are homotopic, then the obtained from the proximate sequences (f n ) and (f ′ n ) from X to Y are also homotopic.
Proof. Let the approximate sequences (f n ) and (f ′ n ) be homotopic with homotopyF n :
Then F − n is V n -continuous and st(V n )-continuous for all points of X × ∂I and
Following the previous theorem we can define the function Φ X,Y from the classes of continuous functions from X to Y to the classes of V-continuous
We will describe a functor Φ : SH → InSh. The functor is consists of: 1) Function Φ : CP t(Q) → Cpt(Q) defined with Φ(X) = X, for every compact metric space X. In order to prove that Φ is a functor, we have to prove the following theorem.
Theorem 17. If (f n ) from X to Y and (ḡ n ) from Y to Z are two approximate sequences, then
Proof. 1) Let a proximate sequence (g n ) from Y to Z be obtained from approximate sequence (ḡ n ), with the cofinal sequence of finite regular coverings (W k ) of Z in Q. Suppose (f n k ) from X to Y is a proximate subsequence of the proximate sequence (f n ) obtained from approximate sequence (f n ). The subsequence is
The approximate sequences (f n ) and (f n k ) belong to the same class. If we take into consideration a theorem from [2] ,then (f n k ) and (f n ) belong to the same class and ifḡ kfn k =h k we have to prove
where W is the smallest set
where V is the smallest set containing
Then, from (5) and (6) r W kh k = h k and (r W kḡ k )(r Vn kf n k ) = g k f n k are W k -near and since h k is W k -continuous, by Lemma 1.1 from [4] , we get that h k and g k f n k are W k -homotopic.
2)One representive of the identical morphism in Sh is the class of approximate sequences, (1 n ) from X to X, where1 n :
, where 1 n : X → X, n ∈ N are copies of the identical map. [(1 n )] is also the identical morphism in InSh, since for proximate sequences (f n ) from X to Y and (g n ) from Y to X it is true that (f n )(1 n ) = (f n ) and (1 n )(g n ) = (g n ). It follows Φ([(1 X )]) = 1 Φ(X) .
The next theorem is also valid.
Theorem 18. The functor Φ is a bijection.
Proof. 1) Suppose (g n ) is a proximate sequence. We will reformulate of theorem 1 in [7] : For every proximate sequence (g n ) from X to Y there exist an approximate sequence (f n ) from X to Y and a cofinal sequence of coverings V 1 ≻ V 2 ≻ ... ≻ V n ≻ ... such thatf n and g n are V n -close for all integers. All approximate sequences obtained from (f n ) are also homotopic.
One proximate sequence (f n ) obtained from approximate sequence (f n ) consists of V n -close functions f n andf n . Therefore (f n ) and (g n ) are homotopic and it follows that Φ[(f n )] = [(g n )], i.e. the functor is surjective.
2) Suppose the proximate sequences (f n ) and (f ′ n ) from X to Y are obtained from approximate sequences (f n ) and (f ′ n ) from X to Y , respectively. Suppose (f n ) and (f ′ n ) are homotopic, i.e. f n and f ′ n are connected by homotopy F n connectingf n andf ′ n for all natural numbers n. If we take into consideration a theorem 1 from [4] , it follows that there exists a continuous homotopy (F n ) connecting (f n ) and (f ′ n ) for all natural numbers n,i.e. the functor is injective.
According to the previous theorems it follows that shape categories constructed with the classes of approximate and proximate sequences are equivalent.
